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The equations of motion for the position and spin of a classical particle coupled 
to an external electromagnetic and gravitational potential are derived from an action 
principle. The constraints insuring a correct number of independent spin components 
are automatically satisfied. In general the spin is not Fermi- Walker transported 
nor does the position follow a geodesic, although the deviations are small for most 
situations. 
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The derivation of the equations of motion of classical spinning particles in external fixed 
fields has occupied physicists for over fifty years. In special relativity it was first attacked 
by Frenkel Using his work as a basis Bargmann, Michel and Telegdi discussed the 
precession of spinning particles in external electromagnetic fields. It is amusing to note 
that, even today, there is a controversy as to the torque and force on such particles in 
space and time dependent fields P]. The discussion of a spinning particle in an external 
gravitational potential goes back to Papapetrou @] who endowed a particle with spin by 
considering a rotating mass-energy distribution in the limit of vanishing volume but with 
the angular momentum remaining finite. Results were obtained using Grassmann variables 
and supersymmetry |^ and an attempt at a general procedure was made by Khriplovich 
0]. Most of the emphasis in the above works is on the equations for the spin components 
and, with the exception of Refs. the equations for the motion of the position of the 

particle are either ignored or are incomplete. We shall present a canonical procedure for 
obtaining the equations of motion, both, for the spin and position. The results are identical 
to those that would have been obtained using the method of Ref . [|I| . 

We shall obtain the equations of motion in terms of the proper time, r, of the particle. 
The position of the particle will be denoted by and the spin will be described by the 
antisymmetric spin matrix Sab- As usual, Greek indices will denote covariant vectors, tensors, 
etc. and Latin ones those in local Lorentz frames; these are connected by the vierbein field, 
e^(a;). The spin matrix satisfies the Poisson relation 

{Sab, Scd} = VacSbd + VbdSac ~ VadSbc ~ VbcSad 5 (l) 

with rjab the fiat space metric. It will prove to be convenient to obtain the equations of 
motion for the position from a Lagrangian and those for the spin from a Hamiltonian; such 
a combined procedure calls for the introduction of a Routhian ||^ 7l{x^, Sab)- At the end of 
this work we shall provide an expression for the action. The equations of motion are 

— = 

^ = {7^, Sab} ; (2) 
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r is the proper time. All the variables we have considered are not independent, but satisfy 
various constraints. With u'^, the four velocity, these are 

u^u^ = 1 , (3) 
SabS'^' = 2s^ , (4) 

SahU'' = . (5) 

Eq. (H) guarantees that r is the proper time and will be satisfied as long as TZ is written 
in a reparametrization invariant form and Eq. (^) is satisfied. Eq. insures that the spin 
of the particle is constant and is equal to s; it is automatically satisfied for all situations 
considered. Eq. (^) results from the fact that in the particle's rest frame the spin tensor has 
only three independent components; it is this constraint that causes all the complications. 

For a particle in an external field derived from a vector potential and a gravitational 
field specified by the spin connection uj^^ a tempting Routhian is 

7^o = mv^ + eu^A, - + - ^R-^-'^Sai>Scd^ . (6) 

2 ^ 4m 8m 

m is the mass of the particle and e is its charge; g is the gyromagnetic ratio and k specifies 
the strength of gravitational magnetic moment coupling introduced in Ref. ||^. This is 
the most general Routhian not involving derivatives of the field strength tensor or of the 
Riemann tensor and not involving terms of the form Sabu"'- Unfortunately, the equations of 
motion derived using TZq do not satisfy the constraints of Eq. (j^). There are two procedures 
that will guarantee this constraint; both give the same equations of motion. One can follow 
the method of Ref. [0] and add to TZq the constraint multiplied by a Lagrange multiplier. 
We shall follow a different procedure. First define 

'Jab — ^ab ^ac TT- ^^cb ^ • {' ) 

The Poisson brackets of the Sab^ is the one given in Eq. (0) with the metric tensor rjab 
replaced by rjab — UaUi^/u^. The Sab are related to the spin vector s"" by 
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Sab = eabcdS^u'^ . (8) 

The spin vector satisfies s^-Sa = and the constraint s^-Ua = 0. 

A desired Routhian is obtained by replacing all SabS in Eq. (|^) by S'^^'s and by adding 
{du^/dr) Sabvf'/u^ to it; 

T) r~5 I U A '^^ aba I -Dm'^ SabU^ 

+ ^F^'SabV^ - ^R-'^^SabS^d^^ . (9) 
Am om 

Here, D denotes a covatiant derivative and we have used the identity 

du-Sabu' U>^ Du'^Sabu' . . 

The fourth term in Eq. (|^) involves the acceleration explicitly; it adds the Thomas precession 
term to the equations of motion for the spin and insures that Sabu"' may be set equal to zero. 
The equations of motion, with Eqs. (|§-|§) satisfied, for the spin tensor are 

Dt Dt \2m 2m J 

X [Sac{r]bd - UbUd) + SuiVac " UaUc)\ ■ (H) 

This expression is consistent with Eq. (1) and Eq. (^. The equations of motion for the 
coordinates of the particle are 



m- 



(i^F^'^cS,d - i^R^'^^S^dUeS.f)] . (12) 



^ Dt 

These equations are exact. Except in the case of large gravitational field gradients the 
modifications due to the spin will be small |p. It is interesting to study various limits of 
Eq. ([T^). If we ignore the right hand side of that equation and plug the results into Eq. (|TTp 
we obtain 



Ut \2m 2m J 



+ 



2m 2m 



{SacUbUd + SbdUaUc) ■ (13) 



We know that the electromagnetic part of the equations of motion for the spin simphfy in 
the case g = 2; we also see that there is a simplification for the gravitational part in the 
case K = 1. That the Dirac equation 

re^, [id^ - eA, + ^-mij = 0, (14) 

with Scd expressed in terms of the Dirac 7 matrices, yields = 2 is well known; it also yields 
K = 1. We note that even in the presence of only gravitational couplings, but with k 0, 
the spin is not Fermi- Walker transported . The corrections to Fermi- Walker transport 
are very small, except as mentioned earlier, in the presence of large gravitational fields and 
gradients. 

Another interesting limit is the situation of no electromagnetic field and k = 0. The 
equation of motion for the position of the particle is 

- Ir'^'Au^ - (e;^^-^) = . (15) 

This agrees with the equations in Ref. [Q; we note that spinning particles do not follow 
geodesies. The term involving the time derivative of the acceleration has been interpreted, 
in Ref. as being responsible for classical Zitterbewegung; in the following sense we agree 
with this interpretation: in the absence of gravitational interactions a spinning particle 
will oscillate in the plane perpendicular to the spin direction with a frequency 00 = E/s; 
^2 _ gab <^^^ 12 jg magnitude of the spin vector. If we set |s| = h/2 we recover the 
quantum mechanical Zitterbewegung frequency. 

In the non-relativistic limit Eq. (|l^), for a purely magnetic dipole interaction is 

dv eg „ . . eg d . ^ , 
m— = —V (H • s) + ——(E X s) ; 16) 

dt 2m ^ ' 2mdt^ ' ' ^ ^ 

s is defined in Eq. (||). This expression agrees with the force equation advocated in Ref. [Q. 



For completeness we present an action which corresponds to the Routhian of Eq. . A 
convenient approach is to add a Wess-Zumino term. For closed paths in proper time we 
introduce a two dimensional manifold, Ai, parametrized by yi, y2 whose boundary is the 
path r. The action is 

A=- dy, dy^e^^TrS^^ + drU . (17) 
Jm ay a oyjs J 

The canonical equations obtained from the double integral yield the Poisson brackets of 
Eq. (D 

We wish to thank Professor A. Schwimmer for discussions on the Wess-Zumino term. 
This work was supported in part by the National Science Foundation under Grant No. 
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6 



REFERENCES 

* e-mail: mbander@funth.ps.uci.edu 
[1] J. Frenkel, Z. Physik 37, 243 (1926). 

[2] V. Bargmann, L. Michel and V. L. Telegdi, Phys. Rev. Lett. 2, 435 (1959). 

[3] Y. Aharonov and A. Casher, Phys. Rev. Lett. 53, 319-321 (1984); L. Vaidman, Am. J. 
Phys. 58, 978 (1986). 

[4] A. Papapetrou, Proc. Roy. Soc. A209, 248 (1951). 

[5] A. Barducci, R. Casalbuoni and L. Lusanna, Nuovo Cimento 35A, 389 (1976); F. 
Ravndal, Phys. Rev. D21, 2823 (1980). 

[6] I. B. Khriplovich, Zh. Exsp. Teor. Fiz. 96, 385 (1989) [Sov. Phys. JETP 69 217 (1989)]. 

[7] L. D. Landau and E. M. Lifshitz, Classical Mechanics (Pergamon Press, Oxford, 1960) 
p. 134. 

[8] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (W. H. Freeman and 
Company, San Francisco, 1973) p. 1121. 

[9] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General 
Theory of Relativity (John Wiley and Sons, Inc. , New York, 1972), p. 121. 

[10] J. Wess and B. Zumino, Phys. Lett. 37B, 95 (1971). 



7 



